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. Abstract 
O . 

O ■ We analyze the dynamical implications of an exponential Lagrangian density for the 

gravitational field, as referred to an isotropic FRW Universe. Then, we discuss the fea- 
, tures of the generalized deSitter phase, predicted by the new Friedmann equation. The 

O I existence of a consistent deSitter solution arises only if the ratio between the vacuum- 

^ ■ energy density and that associated with the fundamental length of the theory acquires 

a tantalizing negative character. This choice allows us to explain the present universe 
dark energy as a relic of the vacuum-energy cancellation due to the cosmological con- 
stant intrinsically contained in our scheme. The corresponding scalar-tensor description 
\ of the model is addressed too, and the behavior of the scalar field is analyzed for both 

negative and positive values of the cosmological term. In the first case, the Friedmann 
equation is studied both in vacuum and in presence of external matter, while, in the 
second case, the quantum regime is approached in the framework of "repulsive" prop- 
erties of the gravitational interaction, as described in recent issues in Loop Quantum 
Cosmology. In particular, in the vacuum case, we find a pure non-Einsteinian effect, 
according to which a negative cosmological constant provides an accelerating deSitter 
dynamics, in the region where the series expansion of the exponential term does not 
hold. 



Introduction 



One of the most puzzling questions, which has come out from the modern understand- 
ing of the Universe evolution, is certainly the present value of the cosmological constant 
[1]. In fact, the observations of the recession of SNIA, Super-Novae I A, (treated as 
standard candles) provide convincing indications for an accelerating Universe [2]. This 
surprising behavior is guaranteed by a negative-pressure contribution, and the determi- 
nation of the precise equation of state for the matter that is accelerating the Universe 
is the present challenge for cosmologists. However, data from the cosmic-microwave 
background suggest that the so-called Dark Energy has reliably the features of a cos- 
mological constant, which corresponds to about 70 percent of the critical density of the 
Universe. Such an amount of the cosmological term is relevant for the actual dynamics, 
but extremely smaller than the vacuum value. Estimations of the vacuum energy yield 
indeed the Planckian value, corresponding to 10^^° times the observed numbers. This 
striking contradiction between the theoretical predictions and the actual value suggest 
that, if the Universe acceleration is really due to a cosmological constant, then a precise 
mechanism of cancellation must be fixed for the vacuum energy density. We stress that 
no fundamental theory provides a convincing explanation for such a cancellation and 
therefore it is naturally expected to find it from specific features of the field dynamics. 
The main interesting proposals to interpret the presence of Dark Energy can be divided 
into two classes [3j: those theories that make explicitly presence of matter and the other 
ones, which relay on modifications of the Friedmann dynamics. Here, we address a mix- 
ture of these two points of view, with the aim of clarifying how the "non-gravitational" 
vacuum energy affects so weakly the present Universe dynamics In what follows, 
we determine the Friedmann equation corresponding to an exponential form for the 
gravitational-field Lagrangian density. The peculiar feature of our model is that the 
geometrical components contain a cosmological term too, whose existence can be recog- 
nized as soon as we expand the exponential form in Taylor series of its argument. An 
important feature of our model arises when taking a Planckian value for the fundamental 
parameter of the theory (as requested by the cancellation of the vacuum-energy density) . 
In fact, as far as the Universe leaves the Planckian era and its curvature has a caracter- 
istic lenght much greater than the Planckian one, then the corresponding exponential 
Lagrangian is expandible in series, reproducing General Relativity (GR) to a high degree 
of approximation. As a consequence of this natural Einsteinian limit (which is reached 
in the early history of the Universe), most of the thermal history of the Universe is unaf- 
fected by the generalized theory. The only late-time effect of the generalized framework 
consists of the relic cosmological term actually accelerating the Universe. Indeed, our 
model is not aimed at showing that the present Universe acceleration is a consequence 
of non-Einsteinian dynamics of the gravitational field, but at outlining how it can be 
recognized from a vacuum-energy cancellation. Such a cancellation must take place in 
order to deal with an expandable Lagrangian term and must concern the vaccum-energy 
density as far as we build up the geometrical action only by means of fundamental units. 
The really surprising issue fixed by our analysis is that the deSitter solution exists in 
presence of matter only for a negative ratio between the vacuum-energy density and the 
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intrinsic cosmological term, e^acj^K- We can take the choice of a negative value of the 
intrinsic cosmological constant, which predicts an accelerating deSitter dynamics. Nev- 
ertheless, in this case, we would get a vacuum-energy density greater than the modulus 
of the intrinsic term. This fact looks like a fine-tuning, especially if we take, as we will 
do below, a Planckian cosmological constant. The vacuum-energy density is expected 
to be smaller than the Planckian one by a factor C(l) x a"^, where a < 1 is a parameter 
appearing in non-commutative formulations of the relativistic particle. 
The analysis of the corresponding scalar-tensor model helps us shed light on the physical 
meaning of the sign of the cosmological term. In fact, for negative values of the cosmolog- 
ical term, the potential of the scalar field exhibits a minimum, around which scalar-field 
equations can be linearized. The study of the deSitter regime shows that a comparison 
with the modified-gravity description is possible in an off-shell region, i.e., in a region 
where the classical equivalence between the two formulations is not fulfilled. However, 
despite this apparently unphysical character, this choice is allowed by recent develop- 
ments in Loop Quantum Cosmology (LQC). In fact, Ashtekar et al |5j have shown that, 
over a critical value, fixed by the Immirzi parameter |6j 7, the effective cosmological en- 
ergy density becomes negative, and gravity exhibits a repulsive character, so that a Big 
Bounce of the Universe is inferred. The reason why our scheme can solve the problem of 
the cosmological constant is that our generalized Friedmann equation not only acquires 
the negative ratio discussed above, but also states that its value is (—1 + x), where x 
is less/equal to the squared ratio between the Planckian length an the present Hubble 
radius. 

We can summarize our point of view by the assumption that we want to build up a gen- 
eralized gravitational action, which depends on the Planck length as the only parameter. 
This statement leads naturally to the exponential form of the Lagrangian density, hence 
it provides the framework of our proposal. By other words, the cancellation that takes 
place between the intrinsic term and the effective vacuum energy leaves a relic term, of 
order 10"^^'' times the present Universe Dark Energy, much smaller than the original. 
It is worth stressing that this semi-cancellation could be treated in the usual Einstein- 
Hilbert (EH) scheme by introducing a positive cosmological term which compensates 
for the vacuum-energy density. The Einsteinian regime of the exponential Lagrangian 
density can be recovered after a series expansion. Nevertheless, two different possibilities 
are found: the series expansion either does not hold or brings puzzling predictions about 
the cosmological term. Correspondingly, in the first case, an unlikely implication would 
appear when dealing with a non-Einsteinian physics on all astrophysical scales, and, in 
the second case, the expansion is only possible in the region A >> i?, i.e., in the region 
where the cosmological constant dominates the dynamics, but for the fact that R should 
be the same order of A. This contradiction can only be solved if a suitable cancellation 
mechanisms is hypothesized: here we find the constraint on the ratio e^acj^k ^ 1 in the 
deSitter regime in presence of matter. 

In the first Section, we will analyze the problem of generalized Einstein equations from 
an extension of the EH action within a metric approach. In fact, for a generic function 
/(i?), field equations will be evaluated after variation with respect to the metric tensor; 
in the limit /(-R) — > -R, standard Einstein equations will be recovered. If a generic met- 



3 



ric in the Jordan frame is considered, i.e. ds^ — N'^dt^ — a^dP, the function f{R) will 
depend on a and on A^: these two functions are the Lagrangian variables with respect 
to which the total action will be varied. These two variations will lead to the 00 and ii 
components of the Einstein equations, respectively, and the equivalence will be explained 
in the synchronous case. 

The corresponding scalar-tensor model is briefly reviewed in Section 2, where the equiv- 
alence between f{R) theories and a scalar field in General Relativity is discussed. 
In Section 3, the interpretative problems of the vacuum energy will be introduced, and 
the necessity to establish a cut off will be approached, as an example, within the for- 
malism of the modified canonical commutation relations predicted by the generalized 
uncertainty principle (GUP). 

The fourth Section is aimed at investigating the features of an exponential gravitational 
action, as far as the deSitter regime is concerned, and the appearance of a negative 
energy density will be regarded to as a means to explain the present small value of the 
Universe vacuum energy. 

The scalar-tensor model for an exponential Lagrangian density will be analyzed in Sec- 
tion 5, and, for the deSitter phase, the scalar field will be shown to admit a damped 
oscillating solution that tends to the fixed (minimum) value. 

A proposal for the solution of the puzzle is eventually exposed in Section 6, where the 
Universe acceleration is related to the vacuum energy through the introduction of the 
dimensionless parameter 5, which acts like a compensating factor between the energy 
density associated to the cosmological constant and that estimated for the vacuum en- 
ergy in presence of a cut-off. 
In Section 7, concluding remarks follow. 



1 Generalized Gravitational Action 

The dynamics of a gravitational field associated to the metric tensor g^,^, /i — 0,1, 2, 3, 
coupled to matter is described, as usual, by the following total action: 

-S" — Seh + Smi (1) 
where Seh denotes the EH action, and reads 

Seh = j d'x^R, (2) 

while Sm refers to the matter contribution, and can be expressed via the sum over all 
the matter fields Lf, as 

Sm^-Y. I d^x^Lf, (3) 
/ 

and \J—g = detg^^- The form of the gravitational action is fixed by the request that 
the field equations contain second-order derivatives of the metric tensor only, and, by its 
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variation with respect to the metric tensor ^f^,^, it is natural to recognize the well-known 
Einstein equations 

1 SttG 

-tifj,!/ 2^'^!^ ^4 -I- III/-, (,4j 

where T^i, is the stress-energy tensor. 

In the application of the variational principle, the natural assumption that dg^^i, vanishes 
on the boundaries of the considered space-time region has to be adopted unless boundary 
terms are included into the original action. We also note that we could get second-order 
equations from Seh because of the appearance of surface contribution to the Ricci scalar. 
This feature does not hold when, instead of R, we take a generic function of it; such 
a more general choice is yet compatible with the 4-diffeomorphism invariance of the 
theory, but it could lead to very different dynamical implications for the gravitational 
field. Over the years, many proposals have been addressed in this direction [7j, based on 
the idea that higher-order contributions could become important where the space-time 
curvature takes very large values, and could remove unphysical singularities from the 
theory [8]. 

We now fix our attention to the generalization of the previous scheme when the following 
gravitational action is taken into account 

whose variation with respect to g^'^ yields the generalized Einstein equations 

- ^g,JiR) + f'{R)R,. - V^VJ'iR) + g,,V,Wf{R) = ^T,,, (6) 
where f{R) = df{R)/dR. 

It is immediate to recognize that, for f{R) = R, the usual Einstein dynamics is recovered. 
As expected, the new field equations contain higher-order derivatives, and, in particular, 
forth-order derivatives of the metric tensor appear. 



1.1 Lagrangian approach for the FRW model 

As an application of the generalized gravitational theory discussed in the previous sec- 
tion, let's now consider the following FRW line element 

ds^ = N{tfde - a{tfdl\ (7) 

N{t) being the lapse function, a{t) the cosmic scale factor of the Universe and dt^ reading 

df = + (de^ + sin^ , (8) 

with 0<r<l, 0<^^<7r, O<0<27r and A; = 0, ±1 denoting the sign of the spatial 
curvature [9j. 
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Taking into account the homogeneity request (which implies the energy density e = e{t) 
and the pressure p = p{t)) and applying to a fixed volume of the expanding Universe 
the first thermodynamical principle, dU = 6Q — pdV, (with the isoenthropic character 
of the Universe, 6Q = 0), we provide the following relation 



(i(ea^) = —^pa^da. 



(9) 



In view of the homogeneity of the space-time, the action for the FRW model reduces 
to a 2-dimensional problem: in fact, the action for the cosmic scale factor a{t) and the 
lapse function N(t) reads 



S 



dtNa^f{R) - V / dtNah{a 



(10) 



where V is the volume of the space portion on which the action is taken. 
So far, varying this action with respect to A^, we obtain 



a^f + Na^f'— + 



, dR leGvr 



6/" 



dR a^d 



dt iV2 



6/' 



2 •■ 

a a 



ad a dN 

iV2 ^ iV2 iV3 



(11) 



and, in the synchronous reference, 



2 a dt a 



SG-K 



(12) 



which is the same as the 00-component of the generalized Einstein equations for the 

FRW metric, and reduces to the standard Friedmann equation when f{R) = R. 

On the other hand, variation with respect to a leads to the generalized Euler-Lagrange 

equation 

dL d dL d^ dL _ ^ 
da dt dd dt"^ da 

The validity of this equation requires that Sd vanish on the boundaries; nevertheless, a 
large class of variation functions is still available for the calculation. Expressing (fT3ll for 
iV = 1, we find 



-2/ + /' 



d d"^ k 
2— - 2— 



„d^d r,tn<^v2 , Hi d^R 
^ dt a ^ dt' ^ dt^ 



SGtt 



-p 



(14) 



which coincides with the n-components of the generalized Einstein equations in the 
FRW metric. We stress that the equation above has been obtained making use of the 
continuity equation ((91). 

Equations (fT2l) and (fT4l) describe the whole dynamics of the FRW Universe in a syn- 
chronous reference frame, when the gravitational Lagrangian is generalized, as in ([9]). 
Finally, combining together (fT2l) and ([Till , we can restate, for our general case, the well 
known equation for the universe acceleration 



l(r(f)^+3/" 



d'^R d dR 
dt"^ a dt 



d2 



k 



+ /'(-23-23)-/ 



-^(e + 3p). 



(15) 
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The results obtained in this section are at the ground of our cosmological investigation 
based on the generalized gravitational action |iOj. 

To conclude, we note that (fT2l) . (fTH) and (l9|) are among them correlated ; in fact, as 
it can be easily checked after straightforward calculation, differentiating (fT2l) and using 
the continuity equation ([9]) , we generate ( fT4l l. Thus, as in the standard case, here we 
deal with the three unknowns e, p and a and two independent equations only arise for 
them: as a consequence, to develop a solution of our generalized FRW dynamics, the 
equation of state p = (7 — l)e is required, i.e., 

e(a) = Ca~'^^,C = const., (16) 

p = (7 - l)Ca-'\ (17) 

7 being the polytropic index. 



2 Scalar-tensor gravity 

It is possible to demonstrate that the non-linear gravitational Lagrangian (l5|) can be cast 
in a dynamically-equivalent form, i.e., the action for a scalar field in GR (with a rescaled 
metric), by means of a suitable conformal transformation. Similarly, in Brans-Dycke 
theory, and, in general, in scalar-tensor theories, the original variables describing the 
metric and a scalar field in the Jordan frame can be transformed into two new variables 
describing the scalar field minimally coupled to gravity, in the Einstein frame. The two 
descriptions are extremely interconnected [H], and can be interpreted as two different 
mathematical versions of the same physics [T2] . 

In order to illustrate this equivalence [I3], as a first step, two auxiliary fields, which 
play the role of Lagrange multipliers, can be introduced, and then, as a second step, a 
suitable conformal transformation for the metric tensor is performed, in order to bring 
the action in the usual form. 

The first step consists in introducing the two Lagrange multipliers A and B, which allow 
one to rewrite ([5]) as 

S = ^J d'x^ [B{R -A) + f{A)] , (18) 

where variation with respect to B leads to R = A, while variation with respect to A 
gives the identities 

B = f'iA), (19) 

or, equivalently, 

A = giB). (20) 
It is possible to eliminate either A or B from (fTSjl . thus obtaining 

^ = ^ / ^'^v^ [^(^ - 9iB)) + f{9{B))] (21) 
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or 

S = ^^ ld'x^[f'{A){R-A) + f{A)], (22) 



respectively. Equations (1211) or (12211 are equivalent, at least from a classical point of view, 
and are usually referred to as the Jordan-frame action in presence of the two auxiliary 
fields. 

Furthermore, the conformal scaling of the metric tensor 

9f,u -> e'^'g^y (23) 

can be taken into account, in order to put the previous results in the Einstein frame. 
For the particular choice = — In /'(A), action ( l22i ) reads 



1 



d Xy 



R - ^g'''d,(Pd^(P - r(0) 



(24) 



where 



i.e., this action describes a scalar field minimally-coupled to the rescaled metric. 
So far, the non-linear modified gravitational action ([5]) and the scalar-tensor model (l24ll 
are very deeply linked, and can be interpreted, on shell (i.e., for = — In /'(A)), as two 
different models describing the same physics. 

If a matter fiuid is taken into account, the pertinent stress-energy tensor T^^, associated 
to the energy density e, the pressure p and the four- velocity m^, T^^, = {e+p)Ui^,Uy — pg^y, 
has to be rescaled as 

^ e-^f^,, , ^ e-^'t'f^ (26) 
according to the conformal transformations induced by (l23ll . i.e., 

u^-^e't'/^u^, e^e-^-^e, p e-^^. (27) 

Nevertheless, the interpretation of the equivalence between the two models gives rise 
to some remarks about the physical meaning of the transformation [H]. In the Jordan 
frame, gravity is described by the metric tensor only, while, in the Einstein frame, 
the rescaled metric tensor experiences the scalar field as a source matter field. These 
considerations entail the discussion of the role of matter fields coupled to gravity. In 
fact, non-linear theories of gravity in vacuum pTS] leave room for ambiguity about which 
frame should be considered as the physical one, while the presence of matter fields sheds 
light on this indistinctness by the request of a minimal coupling with gravity. The 
mathematical equivalence between the two theories is achieved dynamically, since the 
spaces of the classical (on shell) solutions are locally isomorphic. 

Without aiming at solving this interpretative ambiguity [I6], throughout this paper we 
will try to investigate the role and the properties of matter field [T7] in the determination 
of cosmological solutions [T8] . 
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3 The vacuum-energy problem 



As well known [19], the vacuum-energy density associated to a massless quantum field 
is a diverging quantity unless an appropriate normal ordering (which, on curved space- 
time, would depend on the metric properties of the manifold) can be found; however, 
if we fix a cut-off on the momentum variable, Pmax = cnj^ {a being a dimensionless 
parameter of order unity) then the vacuum energy density can be estimated as follows 

cp = / — — — cp = 7ia epi, (28) 



Jo 

where epi = hc/l^i. 

By other words, we would have to deal with a vacuum-energy density of a Planck- 
mass particle per Planck volume. A more rigorous understanding for the parameter a 
comes out from an approach based on GUP. Such theories implement modified canonical 
operators obeying the generalized relation 

[x,p\ = ih(l + ^^p'). (29) 

This commutation relation can be recognized on the ground of fundamental properties of 
the Minkowski space in presence of a cut-off, but it also comes out from quantum-gravity 
and string-theory approaches [2Q\. As a consequence of non-commutative models, we 
deal with a notion of minimal length associated to a particle state. For instance, in the 
case of a non-relativistic particle [2T], we get the following limit for its wave-length 



lim A(E) = -Ipi, (30) 

E^oo a 

E being the energy of the particle. 

For a discussion of a maximum value for a relativistic-particle momentum at Planck 
scales, in the context of the k-Poincare algebra, see j22]. But it is worth noting that, in 
our case, the discussion above must be referred to a flat FRW background, and, therefore, 
all the observables correspond with physical quantities corrected by the presence of the 
scale factor. 

However, no evidence appears today for such a huge cosmological term; in fact, recent 
observations on Supernova data indicate that the Universe is now accelerating with 
a non-definite equation of state [24]. The indication from cosmic microwave background 
anisotropics suggests one that the most appropriate characterization of such an equation 
of state be p ~ — e [23] [1]. However, when estimating this observed cosmological term, 
it is immediate to recognize that it is extremely smaller than the cut-off value. In fact, 
for the observed value of the constant energy density, we get the estimation 

„^,.0.7.„^^ = j^(fj , (31) 

where eo denotes the present Universe critical density eo ~ 0{lQ~'^^)gcm~^ , Hq ~ 
70Kms~^Mpc~^ the Hubble constant, and etoday the present value of the vacuum-energy 
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density; since Lh = cHq ~ (9(10^^cm~^), we see that a large factor 10~^^° appears in 
fl3Tl) . i.e. etoday ~ C^(10^^^°)et;ac- It is well known that this striking discrepancy between 
the expected and the observed value of the vacuum energy constitutes one of the greatest 
puzzle of modern cosmology Below, we will propose a solution to such a puzzle based 
on the peculiarity that a deSitter dynamics acquires in the context of an exponential 
form of the gravitational Lagrangian. 



4 Exponential Lagrangian Density 

Recent observations based on Supernova [2] data indicate that the universe is now accel- 
erating with a non-definite equation of state ^2l]. The indication from cosmic-microwave- 
background anisotropics suggests one that the most appropriate characterization of such 
an equation of state be p ~ — e [I], i.e. a cosmological term. The appearance of a non- 
zero cosmological constant indicates that f{R = 0) 7^ 0, while the EH action is a linear 
term in i?, with the same sign of the previous one. To deal with f{R) as a series ex- 
pansion, we would have, in principle, to fix an infinite number of coefficients. However, 
in what follows, we address the point of view that only one characteristic length fixes 
the dynamics: the cosmological constant A, apart from the Planck length, which can be 
constructed with the fundamental units G, c, h as Ipi = a/ {Gh/o"). As a consequence of 
this point of view, we fix the following explicit form for f{R) 

f{R) = Ae''^, (32) 

where A and /i are two constants available for the problem. For a discussion of the 
local dynamical stability of a Universe described by this kind of Lagrangian, see [25] . 
Comparing the first two terms that come from the expansion of (l32ll (valid in the region 
fiR <C 1 ), with the EH action plus a cosmological term, i.e. 

we arrive at the following identifications 

A = 2A, /i = ^. (34) 

As required, our gravitational Lagrangian is fixed by one parameter only, which has to 
be provided by observational data. 

When specified for the present choice of the Lagrangian density, the two field equations 
for the FRW model, (fT2ll and (fTH) . take the explicit expressions 

. ,,f? i.Tfd 3 ,,r>dRbj SGtt , . 

Ae'^-^ + Ze^^ re'^ ^ — = 35 



k 

2- -2- 



1 ,,r,dRa 1 ,,r,,dR.n 1 ,,nd!^R SGtt , , 



respectively. 

These two equations have to be coupled to the continuity equation ([9l) and to the equa- 
tion of state p = (7 — l)e. 
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deSitter regime As a first step of this generalized FRW dynamics, we face the study 
of the deSitter model, where a constant vacuum energy density is taken into account. 
To this end, we take a cosmic scale factor of the form 

a = aoe"^*, oq = const, a = const. (37) 

It is easy to recognize that for such a choice, the Ricci scalar rewrites R = —12(T^/c^; 
hence, according to the equation of state of a cosmological constant p = — e, equation 
f l35l ) reduces to the simple form 

e = -ei^e-^ (l + f ) (38) 

The expression above has the surprising feature that the energy density would acquire 
a negative sign. This unphysical property of the model is formally removed as soon as 
we expand the exponential term in correspondence to small values of the dimensionless 
constant x, and, restating the usual Friedmann relation, we get 

e = eA(--l) ^a2 = ^(e + eA). (40) 

Thus, when the expansion rate of the Universe a is much smaller then the cosmological 
constant A, we get the usual Friedmann relation between matter and geometry. But, 
though such a standard relation is apparently reproduced as a low-curvature approxi- 
mation for x <C 1, nevertheless its inconsistency shows up when (l40ll is restated as 



x = 2(i- + l), (41) 

We see that, by the expression above, for positive values of e and eA, the quantity x has 
always to be greater than two, in clear contradiction with the hypothesis x -C 1, at the 
ground of the derivation of (llOll . Though we are dealing with a surprising behavior, due 
to the negative ratio e/eA, i.e., A < 0, however this feature offers an intriguing scenario. 
In fact, in the next section, we will apply relation (i4Tl ) to treat the non-observability of 
the universe vacuum energy in connection with the present Universe acceleration. 
We conclude this section by emphasizing that (l38|l admits a special vacuum solution 
(e = 0), which corresponds to the relation x = ^ = —2. For the choice of a negative 
cosmological constant, A = — | A |, the equation above provides 

A 

3 

Thus we see that, in vacuum, our model has the peculiar feature of predicting a deSitter 
evolution in correspondence to a negative A value \26\. However it should be noted that, 
for this value of x = — i?/(2A), the exponential Lagrangian cannot be expanded, and we 
deal with the full non-perturbative regime with respect to the Einsteinian gravity. It is 
just the request to deal with an expandable Lagrangian that leads us to deal with the 
case X <C 1 and to introduce an external matter field. 



^2 ^ ^V^_ ^42) 
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5 Scalar-tensor exponential gravity 



The scalar-tensor formalism reviewed in Section 2 is here applied to the particular choice 
of the exponential Lagrangian density, in order to clarify the meaning of the relations 
found in the previous section. 
The conformal scaling factor here reads 



/(A) = Ae^^ fiA) = e 
where A = — and the potential rewrites 

V{(j)) = -2Ae'^(0+ 1). 



(43) 



(44) 



According to the results of section 4, the on-shell relation between the Einstein frame 
and the Jordan one is recognized in the identification A = R ^ cj) = —R/{2A). 
Collecting all the terms together, we get the scalar tensor action 



S 



IGtiG 



R + -g'''{d,<P){d,<P)-2Ae'^{<P+l) 



(45) 



Two remarks are now in order: 



1. for the comparison of (14511 with the usual form of the scalar field, a transformation 



^(f) could be considerecil]; 



16 
3c4 



2. potential ( l44ll is here referred to as one with A retaining its own sign. For a 
discussion of the case A > in the quantum sector, where the potential admits 
no minimum, see Section 6. If one is interested in a description where a stable 
equilibrium is forecast for the field 0, the sign of the constant A should be reversed, 
i.e., A — > — |A|, as illustrated in figure 1. 

This way, the constant A does not describe the observed cosmological term any 
more, but is a parameter of the theory, which will be tuned in order to reproduce 
the observational data. 

For the considerations above, action ( l45ll rewrites 

.3 



S 



c 



+ 



16nG 
1 



d X\ 



d X\J —g 



-gR+ 
1 




(46) 



^We stress that the factor ^^r- that arises in front of the kinetic part of the Lagrangian density 
is independent of the choice of the function /. We nevertheless perform this transformation in this 
section in order to keep the notation compact. 
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Figure 1: V{(f)) vs with A = — | A | (arbitrary units). 



whose variations lead to the scalar-tensor Einstein equations in presence of a matter 
source described by the energy-momentum tensor T^,y 

1 SttG / - /IEEgj, \ 

R,u - ^9,uR = ^ (^T,.e-V^<^ + T,Mj , (47) 

9'''V,V.<P + ^ = 0. (48) 

If we specialize the rescaled metric tensor to the case of an isotropic Universe, then 
we deal with the FRW line element, and all the dynamical variables depend on time 
only. For this case, taking the matter source in the form of a perfect fluid with rescaled 
quantities, the Einstein-scalar system above rewrites 

2 



[e-'^^m + + \v{ct>)^ (49) 



(P + 3H(P + c'—^ = 0, (51) 
d(p 

where H = a/a. 

Equations (Il9l) and (l50ll . i.e., the 00 and ii components of the Einstein equations, are 
not independent, but linked by the rescaled continuity equation 

It's worth remarking that, for the present choice of the negative constant, the potential 
V{(f)) admits now a minimum for (p = (pQ = -^q, and the corresponding linearized 
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equation reads 

+ 3/70 + ^c'lMe-' 1^0 + 2^^^^ = 0. (53) 

The appearance of this minimum is expected to become relevant in the dynamics of the 
scalar field because it is a well-known result that its total energy density follows the 
relation 

|(|-n.))^-34<0, ,54, 

where we are assuming an expanding universe, i.e., H > 0. In fact, starting with a given 
value of the energy density, sooner or later, the friction due to the universe expansion 
settles down the scalar field near its potential minimum [27] . 



deSitter regime All these results can apply to the deSitter phase, and a comparison 
with the issues of Section 4 can be addressed. Therefore, in what follows, we search for 
a solution of the linearized scalar field equation (l53ll . in correspondence with the choice 
a{t) = Coe'^* and e{t) = e = const. 



The linearized equation (15311 then rewrites 

2 




+ 3a0 + ^c'\A\e-^ | + 2^/ | = 0, (55) 



whose solution around the minimum is 



3c 



A 



-2 a/ + [C+ cos/3+t + C_ sin /3_t] , (56) 



where C± are two arbitrary constants, and 



/3±^+zv/|A|c2^y-^e-2: (57) 

the discriminant ( l57l l is negative for x < 0.24, and, because of the prescription x -C 1, it 
is always negative, so that the field tends, as expected, to \/^f^0o = ~2. It is worth 



remarking that the on-shell relation provides the identification y ^f^0o = = ~2. 

Solution (l56l) can now be inserted in (Il9l) : since the time derivative of the scalar field 
can be neglected in the vicinity of the minimum, the new Friedmann equation reads 



SttG 



(66^ - eiAie-^) , (58) 



3c2 

and can be compared with ( l40ll : because of the conformal transformations ( l27ll and 
f l23l ). the two equations completely match. In fact, the different modifications to the two 
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energy densities ee^ and e|A|e~^ are due to the coupling of the scalar filed with matter and 
to the conformal transformation of the metric, respectively. Obviously, in both Jordan 
and Einstein frame, the metric structure remains that of a deSitter phase simply because 
the conformal factor is nearly constant around the minimum. We recall that the 

value 00 = —2-^ would correspond to the choice x = —R/{2A) = —2 in the Jordan 
frame defined in section 4. However, we easily check that, in the scalar-tensor theory, 
such a choice can no longer be a vacuum solution of the theory. In fact, in absence of 
matter (e = 0) we would deal with a negative cosmological constant as a source of the 
expansion rate of the universe. However, the correspondence between the Einstein and 
the Jordan frame takes place as far as we compare equation (l58ll when a constant energy 
density is included with relation (llOl) obtained for x -C 1. Thus we are led to postulate 
an off-shell correspondence between the analysis developed for a deSitter space, in which 
the expansion rate of the universe is much smaller than the | A | value, and the scalar- 
tensor approach near the stable configuration, as far as matter a source is included too. 
The off-shell correspondence provides us with a valuable tool to regard the potential 
defined in (Il6l) as an attractive configuration in the exponential-Lagrangian dynamics. 
Collecting the two points of view together, we can claim that, when dealing with an 
exponential Lagrangian, a deSitter phase exists, such that e ~ e|Ai and it corresponds 
with general features in the space of the solution. 

6 Proposal for an explanation of the cosmological 
term 

Here we collect the issues of the previous sections together, in order to provide an ex- 
planation for the reason why the large value of the vacuum-energy density is today 
unobservable, or reduced to the actual cosmological constant O (10"^^°) orders of mag- 
nitude smaller than it. We specify that our scheme does not fix the present cosmological 
term, but simply outlines the mechanism for a cancellation of the original cut-off term. 

Implementation of a coherent cosmological model In the light of the discussion 
above, which calls attention for a solution of the vacuum-energy problem, we are now 
ready to formulate our proposal for a coherent construction of our model. However, 
before piecing the jigsaw together, we must focus our attention on some relevant features, 
which arise from the previous analysis. The exponential Lagrangian is characterized, 
as established here, by a single parameter, according to which the expansion of the 
exponential term into power series holds, and which fixes the zero order term of such an 
expansion, i.e., a cosmological constant. The peculiar feature of this formulation consists 
of the following consideration. The exponential term is expandable only if i?/(2 | A | 
) <C 1, but this would imply that the dynamics must contain a cosmological term much 
greater than the Universe curvature, i.e., an inconsistency which apparently prevents us 
from recovering the Einstein limit. On the other hand, significant contributions from 
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powers i?/(2 I A I) < 1 would be predicted in a regime where the expansion of the 
exponential term does not hold. We analyzed the deSitter regime in some detail because 
it turns out analytically treatable and very useful for the investigation of the behavior 
of the exponential term, since we deal with R = const. The main result we get in 
the pure geometrical (Jordan) frame is that the vacuum dynamics admits a deSitter 
phase in correspondence with a certain negative value of A and the additional presence 
of matter is observable instead only if its constant energy density and eA have opposite 
signs. Furthermore, the vacuum solution lives in the non-Einsteinian region (x ^ 1). On 
the contrary, in the scalar-tensor scheme, when the non-Einsteinian features are recast 
as matter source, we find an attractive picture in correspondence with the same (on- 
shell) value x = —2, but it turns out admissible only in presence of matter. These two 
different representations of the new cosmological dynamics can match only if we assume 
that the system evolution is always concerned with a constant matter contribution and 
if such a source nearly cancels the negative cosmological term, so that we fix a; <^ 1. 
The universal features of such a matter contribution and its constant value suggest one 
to identify it with the vacuum energy discussed in the previous sections. Moreover, the 
cancellation required to get x -C 1 is the natural scenario in which a relic dark energy 
can be recognized. 

The reason why the cancellation proposed between the A term and the vacuum energy 
density provides the right order of magnitude of the dark-energy contribution can be 
recognized in the following fact. By the structure of our model, the relic constant energy 
density must be a factor 0{R/{2 \ A |)) smaller than the dominant contribution 0{e^). 
Thus if we take the vacuum energy density close to the Planckian value (as suggested 
in Section 4) then the actual ratio i?/(2 | A |) is of order C(10~^^°). Such a quantity 

behaves like 0(-^), where Lh ~ 0(lO^^cm) is the present Hubble radius of the universe. 
However, it must be remarked that such a consideration holds in the case eA and the 
vacuum energy density are the only contributions. 

If, as below, an additional physical matter field is added, then the relic dark energy 
contribution is simply constrained to be less than the factor -R/(2 | A |) of the vacuum 
energy. (For a recent approach which proposes a possible explanation for the value of 
the present Dark Energy contribution, see [28]) • 

Friedmann dynamics in the scalar-tensor scheme Dividing the source energy den- 
sity into the form 



where pit) is a generic field contribution, then the Friedmann equation for the scalar- 
tensor scheme in proximity of the minimum 0o reads 



Since the compatibility of the Jordan- and the Einstein-frame approaches requires that 
the expansion rate of the Universe be much smaller than the corresponding parameter A, 



(59) 




(60) 
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then we are led to account for the non-exact cancellation of the vacuum-energy density 
by the small parameter 5 ^ 1 as follows. 

If we take iyace"^ = e~^e|A|(l + f ) = 7re^a''ep;, i.e., | A |~ Sn'^a^e^ /l^i, eq. (l60l) restates 

Thus, when the constant energy density dominates, we recognize 6 = O(^), since now 

e|A| has a Planckian value. We note that the factor appearing in the expression of 
A is of course present only in the scalar-tensor theory, because of the rescaling of the 
involved energy densities. 



Friedmann dynamics in the f(R)-frame On the other hand, this picture can be 
recovered even in the original Jordan frame, as far as we observe that, for a Planckian 
value of A, the exponential Lagrangian is expandable in power series immediately after 
the Planckian era of the Universe. In fact, as far as we fix e\ at Planckian scales, 
then, as emphasized above, we automatically get for 5 = x of order 0(10"^^°). By 
other words, even in the Jordan frame, our model is able to explain the vacuum-energy 
cancellation and to determine the amplitude of the compensating factor 6 simply by 
the assumption that the gravitational action contain the Planck length as the only 
fundamental parameter. 

If we now introduce a pure matter contribution, emat Cmc |, it is easy to recognize that 
the standard Friedmann equation with the present cosmological constant is recovered: 

Ho = ^[ + 1 = ^ W + — -. (62) 



6 V eA ' 7 3c2 ' 6 

All our considerations refer here to the deSitter solution, and, therefore, e^nat is to be 
regarded as constant. However, it is naturally expected that the Friedmann equation 
with a small cosmological term arises as low-energy curvature of this theory for any de- 
pendence on emat', in fact, for our choice of eA, the Lagrangian density of the gravitational 
field explicitly reads 

L = T^Tia ei6ir2c«4 . (63) 

''pi 

From this expression for the gravitational- field Lagrangian density, we recognize that, 
as far as the typical length scale V ^ Ipi of the curvature {R ~ l/V"^), we can address 
the expansion in terms of small quantity llJV^ 

This approximated Lagrangian density would provide for the FRW metric the following 
Friedmann equation 

2 



SttG 



{t) + e^ 



(65) 
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Such an approximated equation, isomorphic to f iGTl) . allows us to reproduce all the consid- 
erations developed about the exact deSitter case. However, the analysis performed above 
is relevant in the Jordan frame in outlining the necessity of the constraint e^ac/^K ~ — 1. 
In fact, the exact deSitter case clarified that, for positive A values, this relation is the 
only one able to provide the consistency of the Friedmann equation according to an ex- 
ponential Lagrangian density. This feature could not be recognized by an approximated 
analysis, as in (l65ll . 

Hints for the quantum regime of the model As discussed in Section 5, the potential 
of the scalar field admits a minimum if the sign of the parameter A is reversed. The 
present paragraph, on the contrary, is aimed at investigating a model where the potential 
term admits no minimum, i.e., a model with an absolute maximum and a slow-rolling 
regime, as described in figure 2. 








Figure 2: ^(0) vs (j) with A > (arbitrary units). 

We stress that in this case the negative ratio e^acj^K could take place only in corre- 
spondence with the apparently unphysical request e^ac < 0. 

A late-time solution (pit) can be looked for, according to the potential profile, such that 
(p{t) ^ in the limit (j)(t) — oo and V{(f>(t) — > — oo) — > 0. In what follows, we discuss 
the behavior of our scalar-tensor model near the cosmological singularity and provide 
some hints about its quantum dynamics. The case A > 0, as remarked above, admits no 
stable configuration; the analysis below, however, would apply also in the case | A |< 0, 
because the behavior of the scalar field in the vicinity of the singularity would hold as 
well, but for the fact that, for ^ oo no stable configuration would be reached. 
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In absence of external matter, i.e., e{t) = 0, the Friedmann equation (!49l) simplifies as 



3c2 2 



(66) 



if only the positive root is taken into account, the scale factor a acquires the form 



aoeV ^ 



(67) 



where oq is an integration constant. This way, the scale factor a tends to as the field 
tends to —oo. 

As a next step, in this approximation, the linearized equation for the field (l53ll reads 



+ SHcp = 0, 



where H = a/a, so that 



00 -./^ 

— P. V 



(68) 



(69) 



being an integration constant. Consequently, the time dependence of (pit) and a{t) 

In W^^^ft-tn) , (70) 



can be found, i.e.. 



(? a: 







UttG 1 



(71) 



As requested, at the time to = 0, the field (1701 ) tends to — oo [29] . 

So far, it is possible to verify that the potential ^(0) and its first derivative could be ne- 
glected in (Il9l) and ([53l) : in fact, its contribution at early times is of order C(t^/^ ln(t+l)), 
which can be ignored in the presence of the leading-order terms 0(t~^) due to both (d/a)^ 
and 0^. 

Recent studies in Loop Quantum Gravity (LQG) outlined that the expectation value 
of the Hamiltonian operator in a given state is, in general, different from the classi- 
cal Hamiltonian contribution and this difference is responsible for systematic quantum 
corrections to the classical energy density involved in the problem. In particular, ap- 
plication of this quantum scheme to the isotropic FRW Universe (in the presence of a 
massless scalar field, which plays the role of time) provided modified relations between 
the Hubble parameter and the energy density of the Universe; this effective cosmolog- 
ical dynamics is mapped into the original Friedmann equation as soon as we allow the 
energy density of the Universe to become negative over critical values, i.e., the following 
correspondence takes place 



-eff 



x/3 



-crit 



~pli 



(72) 
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where ecru (with 7 the Immirzi parameter) is a critical value of the energy density two 
orders below the Planck scale, over which the matter contribution becomes negative, thus 
illustrating a repulsive nature of the gravitational field near the (removed) cosmological 
singularity. In fact, in a standard Friedmann dynamics, this peculiar matter source 
induces a bounce in the dynamics of the scale factor, solving the singularity problem 
and opening interesting perspectives on the cyclic evolution of the closed Universe. 
These developments can apply to the scalar-tensor model equivalent to the choice of an 
exponential gravitational action. In particular, as hinted by (ITOll . a region can be found, 
where the potential V^cj)) can be neglected. If external matter is absent, the results of 
LQG can apply to our scheme in such a region, by modifying the Friedmann equation 

= ^^e//(0), (73) 

where teff{4>) = e(0) ^1 — f^j, according to ( 1721) . In presence of external matter, on 
the other hand, we obtain 



a I 



,,(0) + e(t)e-^^*V (74) 



We note that we can so far analyze the implication of the dynamical equivalence between 
modified gravity and scalar tensor approaches. In fact, the on-shell request gives 

= -/^^ = (75) 

and, by the power-law (TTTl) . R = l/(3t^), which does not match the solution (TTOl) found 
for 0, where the functional dependence on time is logarithmic. Nevertheless, as a gen- 
eral trend, the curvature scalar diverges as tends to —00, i.e., at very early times the 
on-shell relation is qualitatively satisfied. 

This analysis shows that near the cosmological singularity our scalar-tensor theory takes 
the form of general relativity in the presence of a massless scalar field. This fact allows 
us to infer some possible issues of its quantization [30| . 

As a result, we can claim that our proposed non-Einsteinian scheme is characterized 
by a non-singular behavior when the corresponding scalar-tensor picture is canonically 
quantized. In fact, the possibility to neglect the potential field as the big-Bang is classi- 
cally approached is mapped by the results discussed in [5] into a Big-Bounce. However, 
two relevant questions have to be faced here 

1. A LQG formulation for the generalized f{R) gravity is not yet viable and the cor- 
respondence between the Jordan and the Einstein frame on quantum level cannot 
be addressed; 

2. The non-singular feature we established here in view of the possibility to neglect 
the potential term near the cosmological singularity can be extended to a wide 
class of scalar-tensor theories corresponding to the f{R) formulation. 
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In particular, by the calculations above, the potential term is negligible in the asymptotic 
behavior towards the singularity as far as V^cj)) evaluated for (TfOl) behaves as 0{t^^^^), 
with P > 0. The condition on the potential term, which satisfies such a request, can be 
easily stated as 

hm ^^f^ = 0, (76) 



-oo 



\/6 > 0. Let's remark that the behaviour of a potential term ~ e would correspond 
to a generalized gravitaitonal Lagrangian linear in the R variable. 



7 Concluding Remarks 

After deriving the Einstein equations for a generalized gravitational action and specify- 
ing the results for an FRW metric, the particular choice of an exponential Lagrangian 
density has been analyzed. 

The free parameters of such a Lagrangian density have been fixed as functions of the 
cosmological constant, and, in the deSitter regime, the ratio between the vacuum-nergy 
density and the geometrical contribution has been illustrated to acquire a negative sign, 
which has been the springboard for the investigation of the relation between the vacuum- 
energy and cut-off approaches to the geometrical description of the Universe. In par- 
ticular, the cut-off introduced in the vacuum-energy density has been linked with the 
modified commutation relation following from a generalized uncertainty principle, and 
has been fixed at Planck scales. 

The negative sign of the ratio eyac/^A not only explains the non-observability of the cut- 
off vacuum-energy density and is in line with the LQC prediction of the Big Bounce in 
an FRW metric, but also allows one to recover the standard Friedmann equation in the 
deSitter phase, when the matter contribution is taken into account, and for any choice 
of the matter terms. 

Studying some aspects of the pertinent scalar-tensor description has allowed us to inves- 
tigate further connotations of the implementation of such a scheme. In particular, the 
physical meaning of the sign of the cosmological constant has been explained to provide 
interesting hints about cosmological implications. For A < 0, the accelerating Universe 
is predicted to stabilize around the minimum of the scalar potential, while, for A > 0, a 
possible connection with LQC has been envisaged. 

The main issue of our analysis has consisted in fixing the link between the vacuum- 
energy cancellation and the present Universe Dark Energy. By other words, we have 
guessed that the actual acceleration, observed via SNIA, is due to the relic of the origi- 
nal huge vacuum energy, after its mean value has been compensated for by the intrinsic 
cosmological constant A contained in the exponential Lagrangian. We will address the 
theoretical explanation of the phenomenologically-suggested fine tuning, 6 ~ (9(10~^^°), 
as a prospective investigation. 
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